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Robust Stock Option Plans

Abstract

The introduction of the accounting standards SFAS 123R and IFRS 2 for

executive stock options has led to an important change. As companies are

now forced to value their stock options at grant date for accounting purposes,

the robustness of prices against the choice of certain valuation models and

input parameters has become a very important issue. We address this issue

by first analyzing certain building blocks of existing stock option plans with

regard to their robustness properties. Based on our analysis, we then show

how robustness of stock option plans can be achieved. The resulting stock

option plans are both transparent in structure and reasonable in respect to the

incentives they provide in order to increase shareholder value. We therefore

conclude that stock options can be reliably expensed, if the corresponding

plans are properly designed.



1 Introduction

Accounting rules for executive stock options have changed substantially recently

and moved towards a “ fair value accounting ” approach, both under US-GAAP and

IFRS.1 These changes have severe consequences. The former regulation in the US2

allowed to expense just the option’s intrinsic value and distinguished between plans

with known exercise price (fixed plans) and plans with unknown exercise price, such

as indexed options (variable plans). For fixed plans, expenses were only considered at

the time when the plan was granted. Thus, the accounting treatment clearly favored

plain vanilla at-the-money call options, where no expenses would ever occur. Under

the new rules, however, there is no longer such a clear accounting-driven advantage

for these types of plans. Hence, plan designers are expected to put more emphasis on

the incentive effects of executive stock options, which might lead to more diversity

and a more complex structure of plans. One indication of such a tendency has

become apparent in Germany. Here, as historically accounting rules did not favor a

certain type of plan, we have already observed many different kinds of particularly

complex plan designs.

Apart from possible changes in the diversity and complexity of stock option plans, a

major consequence of “ fair value accounting ” is the central importance of valuation

models. As market prices of comparable option contracts are mostly unavailable,3

model prices have to be used. The valuation of stock option plans raises a range

of different problems. Firstly, standard no-arbitrage option pricing models might

not be appropriate. Although we take the shareholders’ perspective and interpret

the option price as an opportunity cost that would arise if the options were traded

in the market, we cannot ignore the behavior of managers who receive the options.

Recipients of stock option plans are restricted from selling or hedging their options.

Since these options usually allow for early exercise after some vesting period, such

restrictions might cause an exercise behavior that violates the assumptions of stan-

dard no-arbitrage models.4 As a result, the firm’s “ opportunity cost ” is wrongly

quantified according to standard models. Secondly, the increasing complexity of

1Compare the accounting standards SFAS 123R of 2004 and IFRS 2 of 2004.
2Compare APB Opinion 25 of 1972, whose intrinsic-value method was still permitted under the

original SFAS 123.
3An interesting exception is the Finnish market, where firms can list their stock option

plans on the stock exchange. However, listing occurs only after the options have vested. See

Ikäheimo et al. (2006).
4Empirical evidence on “ too ” early exercise is provided e.g. by Hemmer et al. (1996), Huddart

and Lang (1996), Bettis et al. (2005), and Brooks et al. (2007).
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stock option plans might result in valuation problems that are difficult to solve,

even within the standard no-arbitrage framework. In particular, one might need to

rely on numerical valuation methods which are subject to approximation errors and

make it more difficult to verify the results. Finally, even if valuation models provide

reliable values in principle, these models need input parameters, such as volatility

and future dividends, which are not directly observable and therefore must be esti-

mated. Since stock option plans usually have a long time to maturity, estimation

errors can have an important impact on the resulting value.

Each of the above-mentioned problems of valuation strongly raises the question as

to how robust the actual model prices of stock option plans are. In this paper, we

mainly concentrate on the third problem, however, we will see that all three problems

are interrelated. For our purposes, we define robustness as a low sensitivity of an

option’s price with respect to the pricing model’s input parameters that have to

be estimated, such as the the volatility, the future dividend yield, or the interest

rate. If stock option plans are not robust, the reliability of their accounting values

would be questionable. This would by itself call the entire approach to “ fair value

accounting ” of stock option plans into question.

In addition, mispricing would not necessarily occur by chance, for example, due to

unavoidable estimation errors. If a stock option plan is not robust, it provides oppor-

tunities for concise manipulation. It has been argued in the literature that certain

design elements of stock option plans provide examples of managerial self-dealing.5

Robustness is a feature of stock option plans that potentially protects shareholders

against self-dealing by managers, as it makes it more difficult to camouflage a plan’s

true value. A better understanding of the robustness properties of stock option

plans could provide a basis for empirical tests of such an hypothesis. Moreover, one

could empirically investigate if firms with better governance structures grant more

robust compensation packages.

Our paper is closely related to the literature on the valuation of stock option plans.

Major issues of this literature are certain special features of executive stock options,

namely, vesting periods, forfeiture, and early exercise. In particular, the problem

of early exercise has received much attention. It has been dealt with by either

integrating utility maximizing elements into the valuation model, or, by specifying

an exogenous exercise threshold.6 Another strand of the valuation literature has

5See e.g. Bebchuk and Fried (2003) and Bebchuk et al. (2002). Sautner and Weber (2008) pro-

vide empirical support for the self-dealing hypothesis by showing that when governance structures

are weak, stock option plans are designed in a way that is favored by managers.
6Corresponding models have been developed and analyzed by Kulatilaka and Marcus (1994),
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dealt with non-standard forms of executive stock options. Hemmer et al. (1998) and

Dybvig and Loewenstein (2003) have considered reload options and Brenner et al.

(2000) have dealt with resettable options. Johnson and Tian (2000b) have analyzed

indexed options and Câmara (2001) has looked at the valuation and the incentive

effects of options which can only be exercised if an outperformance compared to a

reference portfolio is achieved. In another paper, Johnson and Tian (2000a) analyze

and compare six different types of non-standard stock option plans, namely premium

options, performance-vested options, resettable options, purchased options, reload

options, and indexed options.

The literature on the valuation of stock option plans has provided (sometimes as

a byproduct) important results on the robustness issue: Ammann and Seiz (2004)

consider the impact of model choice on an option’s value, by comparing different

valuation models. An important result of their study states that no-arbitrage option

pricing models and utility maximizing models lead to very similar values if they are

calibrated to the same expected lifetime of the option. Bettis et al. (2005), who

calibrate different valuation models using an extensive data set of option exercises of

corporate executives, arrived at the same conclusion, stating:7 “ For determining the

costs of shareholders of granting ESOs, we show that simply adjusting the maturity

of a tradable American option reflecting the expected time of exercise produces

valuations that are close to those computed from the more elaborate utility based

model.” These results suggest that the values of stock options plans are quite robust

with respect to the model choice. However, the effective time to maturity needs to

be known to determine the value precisely.

Rubinstein (1995) also focussed strongly on the aspect of robustness, especially

with respect to input parameters. Concentrating on an at-the-money call option

(traditional or standard stock option plan), he analyzed the sensitivity of option

prices to volatility, dividend yield, early exercise, delayed vesting, and the forfeiture

rate, among other things. As his results show, a traditional stock option plan is

strongly non-robust with respect to estimation errors, resulting in price differences

of up to 60% for reasonable parameter variations.

Johnson and Tian (2000a) compare different plans with respect to their sensitiv-

ity to volatility changes, changes in the dividend yield, and changes in the stock

price.8 In particular, they have shown that traditional call options have lower deltas

Rubinstein (1995), Carpenter (1998), Hull and White (2004), Ammann and Seiz (2004), Cvi-

tanić et al. (2007), and Brisley and Anderson (2008).
7See Bettis et al. (2005), p. 469.
8As the main focus of Johnson’s and Tian’s (2000a) work is the incentive effect of different
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and vegas than indexed options, although they are more sensitive to dividend yield

changes. Johnson’s and Tian’s selection of stock option plans was based on the

Conference Board Report of 1992. New design elements have emerged, however,

in practice recently, particularly combinations of both absolute and relative perfor-

mance targets,9 as well as barriers and caps. These elements are expected to have

an important impact on a stock option plan’s robustness.

Whereas the literature has provided important insights into the robustness of exec-

utive stock option plans, the focus has been on the characteristics of different plan

designs that have existed in practice or which were suggested. Very little atten-

tion has, however, been paid to the question of how different design elements can

be combined in order to improve robustness of plans. This paper is the first that

systematically deals with this important issue. Our main conclusion is that the con-

struction of robust plans is indeed possible and that these plans possess reasonable

incentives to increase shareholder value. The key to this result is the use of European

style options instead of American or Bermudan style options. The former are able

to resolve different problems related to the robustness issue. Firstly, the problem

of determining the optimal exercise strategies of corporate executives disappears.

Secondly, analytical pricing formulas become applicable, which facilitates the verifi-

cation of model prices by outsiders and improves the transparency of the valuation

process. Finally, robustness with respect to input parameters can be achieved more

easily. In particular, the use of caps allows us to solve the problem of parameter

robustness with respect to volatility, by explicitly constructing vega-neutral plans.

In summary, our results suggest that “ fair value accounting ” introduces certain

robustness problems, although at the same time, by eliminating the bias towards

a certain type of plan, it can offer the opportunity to design plans which actually

minimize the robustness problem.

The remaining part of the paper is structured as follows: In Section 2 we begin by

introducing some examples of real stock option plans. These show the variety of

different features that constitute real plans and provide a first impression on the

robustness of alternative plan structures with respect to variation of input parame-

ters. In Section 3, that follows, we analyze different elements of stock option plans

separately and quantify their effect on a plan’s robustness. Based on this analysis,

Section 4 discusses how robust plans could be constructed and analyzes some of

their properties. Our conclusions are presented in Section 5.

kinds of stock option plans, the stock price sensitivity is very important.
9See Bettis et al. (2007) for an empirical study on the use of stock option plans with performance

contingent vesting conditions.
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2 Examples of Existing Stock Option Plans

To exemplify the variety and complexity of stock option plans, a selection of these

is presented in this section. All of these examples are taken from Germany, as

historically, accounting rules in Germany did not favor stock option plans of a certain

type of design (such as the fixed plans in the US). Thus, German stock option plans

could provide prototypes for the kind of design we will see in the future.

With respect to their performance targets, stock option plans can be assigned to one

of three groups: The first group sets only absolute performance targets compared

to historical share prices. Most plans in the US belong to this group. The second

group requires only relative performance targets, whereupon share price performance

is measured relative to specific comparable shares or indices. Finally, the third group

combines absolute and relative performance targets.

To illustrate different design principles of stock option plans and get an initial im-

pression of the price sensitivity with respect to volatility, dividend, interest rate,

and stock price changes, we provide concrete examples for each specific group of

plans. All of these plans come from companies which are included in the DAX

30, Germany’s major blue chip stock index10 and contain the main design features

associated with stock option plans in Germany.

Linde AG has started the Linde Management Incentive Program in 2002. As this

plan specifies only an absolute performance target, it belongs to the first group.

Here, call options with an exercise price of 20 percent above the stock price were

issued, i.e., out-of-the-money calls. These options had an initial time to maturity of

seven years and early exercise was not allowed during a vesting period of two years.

The Deutsche Boerse AG Option Plan is an example of the second group of plans,

with purely relative performance targets. The options pay the difference in per-

formance between the stock price and a benchmark index, which is the Dow Jones

STOXX Technology Index. Hence, they are initially at-the-money exchange options.

The initial time to maturity is five years with a vesting period of three years.

An example of a combination of relative and absolute performance targets which

belongs to the third group is the BASF Stock Option Program 2005, issued by the

chemical firm BASF. Within this plan recipients receive an equal amount of two sub-

plans, called rights A and B. Right A is an at-the-money option with an absolute

10The DAX 30 comprises 30 companies, 22 of which had installed a stock option plan to com-

pensate executives in 2005. Of the corresponding 22 plans, six belong to the first group, four to

the second group, and twelve to the third group.
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exercise threshold of 30 percent above the stock price at grant date and with a

cap equal to 100 percent of the stock price at grant date. Right B is a dividend

protected at-the-money exchange option against the MSCI Chemicals Index. It has

an additional cap equal to the difference between the share price at exercise and the

face value of the share. The options have an initial time to maturity of eight years

and a vesting period of two years. Rights A and B can only be exercised jointly

and the total value is additionally capped at a level of 2.5 times the strike price.

The BASF plan has substantial additional complexity, due to the joint exercise rule

and the different caps. Such caps are indeed a common feature of stock option

plans in Germany, which might be justified as a protection to shareholders against

extraordinary and unforeseen events in the stock market.11

A further example of a combination of absolute and relative performance targets is

the Group Incentive Plan of the insurance company Allianz AG. Unlike the BASF

program, the relative performance is implemented through a barrier option rather

than an exchange option. The plan contains an at-the-money call with seven years

to maturity and a vesting period of two years. The absolute performance target

has a threshold at maturity that is 20 percent above the strike price. The plan also

contains a cap that lies 150 percent above the strike price. The relative performance

target states that the option can only be exercised if a benchmark index (Dow Jones

Europe STOXX Price Index) has been outperformed at least once for a period of

five consecutive trading days.

Based on the above examples, we want to offer a first impression of input parameter

robustness and incentive effects of various designs. To do so, we need appropriate

robustness measures, valuation models, and base case input parameters.

Robustness refers to the sensitivity of a stock option plan’s value (model price) to

changes in the major “ unknowns ” of option pricing, volatility, dividend yield, and

risk-free interest rate. Plans with a lower sensitivity to volatility, dividend yield,

and risk-free interest rate are considered to be more robust. Incentive effects12

are approximated by the sensitivity of a plan’s value to a change in the stock price.

Plans with higher sensitivities to changes in the stock price are considered to provide

11See the reasoning in the German Corporate Governance Code (Regierugskommission Deutscher

Corporate Governance Kodex (2005), p. 7), which recommends caps in stock option plans.
12Of course, incentive effects could be quantified within the framework of a particular principal

agent model. However, as we make no attempt to optimize incentive schemes, we employ a simple

and general measure, as was used e.g. by Johnson and Tian (2000a). The extensive literature on

optimal equity based compensation contracts is surveyed e.g. by Core et al. (2003) and Hall and

Murphy (2003).
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stronger incentives.

As a simple way to measure sensitivity we rely on the slope of a plan’s value function

with respect to the parameter under consideration. To ensure comparability across

plans, we standardize their values to an amount of e 100 by choosing the number

of options granted for each plan appropriately. The reason for this is that firms can

scale the number of options they grant so that they reach a specified total value of

the plan. Therefore, different plans should be compared using this total value.

To obtain a value function and the corresponding sensitivity measures for each plan,

we need a valuation model that can deal with the various absolute and relative

performance targets of the four plans and the possible early exercise after the end

of the vesting period. Our choice is a three-dimensional tree model13 with 300 time

steps. The advantage of this model lies in its relatively simple structure and its

capability to price all different stock option plans within a unified framework. It is

clearly a limitation of the model that it does not capture certain characteristics of

stock returns, like large jumps or a stochastic volatility. However, as the accounting

valuation of stock option plans by German firms relies predominantly on simple

closed form valuation formulas or tree models, it seems most relevant to base the

robustness analysis on such a simple model.

Finally, we have to choose a set of reasonable base case input parameters, i.e.,

stock and index return volatilities, return correlations, dividend yields, and interest

rates. To our knowledge, there is no industry standard to obtain parameter values.

However, one practical rule is to estimate volatilities, correlations and dividend yields

from historical data that reaches as far back into the past as the maturity date of

the options lies in the future. For example, if a plan has a time to maturity of seven

years, like the plans by Linde and Allianz, the estimation period would consist of the

seven years preceding the valuation date. For most stock option plans, the valuation

date is the last day of the year.14 For the estimation of our reference parameters,

we use the most recent valuation date, 31/12/2009, and the corresponding historical

estimation periods. Volatilities and correlations are estimated from monthly returns.

Dividend yields are the average yearly yields15 over the estimation periods, and

interest rates refer to the term structure of German government bonds at the end

of 2009. The resulting parameter estimates are given in Table 1.

13See Appendix A for details.
14If stock option plans are settled with cash, as the plans by Allianz, Deutsche Boerse, and

BASF, they have to be valued at the balance sheet date. The balance sheet date usually coincides

with the end of the calender year.
15Note that dividends are paid only once a year in Germany.
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[ Insert Table 1 about here ]

A first interesting robustness issue is how many parameters are needed to value the

different plans. The more parameters we require, the more potential estimation

problems can arise. Some particular features of the four example plans affect the

number of input parameters. Most notably, the stock option plan by Linde has

no relative performance target and therefore needs no information on index return

volatility or dividends. The plan by Deutsche Boerse can formally be seen as an

exchange option, which means that interest rates do not enter into the valuation.16

Finally, Right B of the BASF plan is protected for dividend payments. Therefore,

the dividend yield of the reference index is not needed. The dividend yield of the

BASF stock is required to value Right A of the plan, however.

[ Insert Table 2 about here ]

Table 2 provides the sensitivity measures based on the historical parameter estimates

of Table 1. The slope values which are shown can be interpreted as follows: As an

example, take the Linde stock option plan. If volatility increases from 24% to 25%,

the option’s price goes up from 100 to 105.11. Similarly, an increase of the dividend

yield from 2.3% to 3.3% leads to a price decline from 100 to 84.95. An increase in

interest rates from 3.1% to 4.1% corresponds to a price increase from 100 to 109.98.

Finally, a number of 2.62 for the incentive effect means that a one percent increase

in the stock price would lead to a price increase of the plan from 100 to 102.62.

The results of Table 2 show that the robustness of different plans can vary sub-

stantially. Some of these differences follow directly from certain design features of

the plans. The plan by Deutsche Boerse shows no interest rate sensitivity, because

interest rates do not enter the valuation model. The same holds for Right B of the

BASF plan, which is another exchange option. Therefore, the interest rate sensitiv-

ity of the BASF plan stems exclusively from Right A, which explains the relatively

small value of 202. The relatively low dividend yield sensitivity of the BASF plan

follows from the dividend protection of Right B. Other major differences in robust-

ness between plans, in particular with respect to the stock return volatility, need

further examination.

The differences in Table 2 might not solely be due to differences in plan designs but

could potentially be affected by the different parameter values that we used to value

each plan. Therefore, we choose a common base case parameter set and recalculated

16Compare also the pricing formula for European exchange options derived by Margrabe (1978).
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all sensitivity measures based on this common set. Concretely, we choose a stock

return volatility of 25 % p.a., an index return volatility of 15 %, a correlation of 0.7

between stock and index returns, a dividend yield of 2 % p.a. for both the stock and

the reference index, and a risk-free rate of 3 % p.a. These parameter values lie in the

range of the historical estimates. Note, however, that relatively low volatilities have

been chosen, because the time of the financial crisis, which falls in our estimation

period, led to exceptionally high historical estimates. The robustness results for the

common base case parameter set are presented in Table 3. As a point of reference

we also consider an at-the money call.

[ Insert Table 3 about here ]

The results of Table 3 confirm that stock option plans can be highly non-robust.

Apparently, the reaction to volatility changes strongly depends on the design of the

stock option program. The prices of the plans of Linde AG and Deutsche Boerse AG

react much stronger to volatility changes than our reference point, the traditional

at-the-money call. In contrast, the sensitivity of the plan of Allianz AG is less

than that for the first two plans. The plan is, however, still less robust than the

traditional call. Surprisingly, the plan of BASF AG is the most robust one with

respect to volatility changes. This plan shows even less sensitivity than the at-the-

money call. Besides the basic plan structure itself, possible explanations for the

differences could be the role of caps or the joint exercise of sub-plans. The effect of

theses design features will be further explored in the next section. In comparison

with Table 2, the most striking result is that the robustness of the plans by Deutsche

Boerse and Allianz is strongly reduced in general. This finding is due to the fact

that for these stocks the base case volatility is clearly smaller than the historical

volatility estimate used in Table 2. Therefore, the dependence of robustness on the

level of volatility also deserves further investigations.

One might suspect that a low sensitivity of a plan with respect to volatility, divi-

dend yield, and interest rate would render the plan unattractive from an incentives’

perspective, as its sensitivity to stock price changes is reduced. The results of Ta-

ble 3, however, show no clear relation between volatility, dividend, and interest rate

sensitivities on the one hand and stock price sensitivity on the other. For example,

although Linde AG’s plan is most sensitive to volatility and dividend changes, it

also shows a very similar stock price sensitivity to BASF AG’s, which is the most

robust one with respect to a mis-specification of either volatility or dividend yield.

In summary, different designs lead to large differences in the robustness of plans.
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Therefore, it is worthwhile searching for certain properties of a plan that may

strongly reduce or increase robustness. In addition, it is also evident that a higher

complexity of a plan does not necessarily lead to a higher sensitivity, as can be seen

from BASF AG’s plan. Instead, we have to look more closely at the different design

elements to understand which elements are useful to improve robustness and which

ones just make the plan overly complex.

3 Robustness of Stock Option Plans

As a further step towards understanding the robustness of stock option plans, we

investigate how single design elements of plans affect their robustness with regard

to the input parameters volatility, dividend yield, and risk-free interest rate. For

this purpose, we use the example plans presented in the previous section to pinpoint

certain building blocks. We first differentiate between some basic plan structures

and then add additional features, such as the joint exercise of sub-plans and caps.

3.1 Basic Plan Structures

Our investigation of existing stock option plans revealed five basic plan structures:

• Traditional stock option plan: an at-the-money call option that can be exer-

cised at any time after the end of a vesting period. Thus, the strike price X

equals simply the stock price S0 at the grant date of that plan. This plan is

widely used in the US and serves as the reference point for our analysis.

• Premium option: an out-of-the-money call, i.e., the strike price X lies above

the stock price S0. The difference between these two prices determines the

performance target. One way to set the performance target would be to require

an appropriate risk-adjusted hurdle rate per year.

• Option with absolute exercise condition: a plan with a payoff equal to a tradi-

tional option, if an absolute performance goal is reached, and zero otherwise.

In other words, we have a portfolio consisting of a premium option and a dig-

ital option that pays out the difference between S0 and X if the stock price at

exercise exceeds X.

• Indexed option: an at-the-money option to exchange a reference portfolio (the

index) for the stock of the company. The option is at the money if the index

10



is normalized such that it equals the stock price at grant date.

• Relative performance vested option: a plan with a relative performance target,

that is used as an exercise condition only. Formally, such a plan structure

consists of an at-the-money up-and-in barrier call option with the price of a

reference portfolio as stochastic barrier.

3.2 Robustness of Basic Plan Structures

Figure 1 provides a first impression of the robustness of the different basic plans

with respect to volatility (“ vega ”, top of figure), the dividend yield (“ dividend

yield sensitivity ”, middle), and the risk-free interest rate (“ rho ”, bottom). As in

Section 2, the slope of a plan’s value function is used to measure its parameter

robustness. To construct Figure 1, the base case parameters from Table 3 are used

and we consider a time to maturity of eight years and a vesting period of two years for

all of the plans. In addition, for the premium option and the absolute performance

vested option we assume that the strike price X is 30% above the stock price S0.

[ Insert Figure 1 about here ]

The upper part of Figure 1 provides an illustration of the robustness with respect

to volatility. On the x-axis, we see different levels of volatilities, which might rep-

resent different kinds of stocks, such as growth stocks or value stocks. Thus, when

multiplying the “ vegas ” on the y-axis of Figure 1 by 0.01, as an example, the re-

sult can be interpreted as the percentage change in value of the stock option plan

corresponding to a one percentage point estimation error in volatility. First, the

resulting values are rather high in magnitude, given that an estimation error of only

one percentage point for volatility is considered. Second, we see that the premium

option clearly has the highest vega independent of the volatility level. In contrast,

the indexed option has the lowest vega for very small stock return volatilities but

once volatilities approach a medium or even high level, its vega exceeds the vegas

of the traditional option, the option with absolute exercise condition, and the rel-

ative performance vested option. Third, it should be noted that the vega strongly

depends on the volatility level. With exception of the indexed option, all basic plan

structures show that robustness improves monotonically with volatility (decreasing

vega), which generalizes the observations from the previous section. This result is

in line with theoretical considerations. For example, in the Black-Scholes model,

the price of a call option converges to the stock price if the product of the return
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variance and the time to maturity goes to infinity. Therefore, if the volatility or

the time to maturity become larger and larger, the option should behave more and

more like the stock. Since the stock itself is completely robust, we would expect

the option to become more and more robust. At first sight, the non-monotonic

behavior of the indexed option’s vega is puzzling. However, we need to consider

that for an exchange option the relevant volatility measure is the square root of the

sum of the stock return variance and the index return variance minus two times the

covariance. This volatility measure is a non-monotonic function of the stock return

volatility, i.e., it decreases with increasing stock return volatility for small volatilities

and increases for large volatilities.

With respect to the dividend yield, the effect of a one percentage point prediction

error is quite substantial, leading to decreases in value of between ten and twenty

percent. Moreover, we can distinguish between two groups of plans: the premium

option and the exchange option fall under the first group, that is more sensitive to

the dividend yield. The remaining three options, which are less sensitive to dividend

yield changes, build the second group.

In addition, the interest-rate sensitivity “ rho ”, given a one percentage point esti-

mation error, varies heavily between plan structures, ranging from a value of zero

to approximately 11%. The premium option is the most sensitive, followed by the

traditional option, the option with an absolute exercise condition and the relative

performance vested option. The last three of these plans behave very similarly.

Finally, as already mentioned in the previous section, the indexed option shows

complete robustness with respect to the interest rate because the risk-free interest

rate does not enter valuation models for exchange options.

Different conclusions can be drawn from our analysis so far. Firstly, the non-

robustness of stock option plans with respect to volatility, dividend yield, and risk-

free interest rate can be strong. Secondly, there is no single plan that dominates

all other plans in terms of robustness if we take all the three input parameters into

account. Finally, Figure 1 suggests that the traditional option, the option with an

absolute exercise condition and the relative performance vested option have very

similar robustness properties, i.e., the additional exercise conditions have very little

impact on robustness. A sensitivity analysis shows that this result holds for a broad

range of parameter values.17 Thus, it is possible to concentrate on one of the three

options, the natural choice being the traditional option, which is the simplest one.

17See Appendix B for details.
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3.3 Additional Design Elements and Robustness

Existing option plans typically combine basic plan structures with additional ele-

ments such as caps, different vesting periods or joint-exercise requirements for sub-

plans. How these elements affect the robustness of the plan structures is analyzed

in the following subsections.

Impact of Joint Exercise of Sub-plans

One design element of existing stock option plans is the joint exercise of sub-plans.

Several German stock option plans such as those of BASF AG and Allianz AG

combine options with absolute and relative performance targets into an options

basket. A joint exercise condition forces the options recipient to exercise options with

absolute and relative performance targets simultaneously. If only one performance

target is fulfilled at the time of exercise, the other option forfeits worthless, which

reduces the likelihood of early exercise.

The existence of joint-exercise features raises the question of how this feature im-

pacts robustness. To provide some evidence on this issue, we consider a combination

of a traditional option and an indexed option. For a wide range of parameter values,

sensitivities with respect to volatility, dividend yield, and interest rate were calcu-

lated.18 These calculations show that the joint exercise of sub-plans has usually a

small impact on robustness with respect to all sensitivity measures. Moreover, joint

exercise even leads to higher sensitivities in most cases, i.e., it does not bring an

improvement. For example, if we consider our base case parameters, joint exercise

leads to a small increase of vega from 391 to 396. However, a decline in robustness

can be worse. For a volatility of 15%, a dividend yield of 3%, and a risk-free interest

rate of 3%, joint exercise leads to an increase of the dividend yield sensitivity from

-2142 to -2360. Additional calculations for other combinations of sub-plans con-

firm these findings. If we combine, for example, an indexed option and an absolute

performance vested option under the base case parameter scenario, all sensitivity

measures increase when moving from separate exercise to joint exercise. If we con-

sider in addition the real plan by BASF AG that involves additional complexity due

to different caps on a sub-plan and the full plan, differences between joint exercise

and separate exercise are very small. The only positive effect of joint exercise is a

18Table 5 in Appendix B provides these results, showing relative differences between the sensi-

tivity measures (“ vega ”, “ dividend yield sensitivity ”, and “ rho ”) under joint exercise and under

separate exercise of sub-plans.
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marginal reduction of vega from 319 to 311. In conclusion, our calculations show

no evidence for a substantial and systematic improvement of robustness due to a

joint-exercise requirement of sub-plans.

Impact of Caps and Vesting Period

If we consider European options, the introduction of a cap can be seen as adding a

short position in an out-of-the money call option to the original long call position.

Since the sensitivities with respect to volatility, dividend yield, and interest rate of

long and short positions have opposite signs, the introduction of caps could lead to

a significant increase in the robustness of such stock option plans.

To provide some evidence of these effects, a cap (strike price of the shorted call op-

tion) equal to two times the stock price at grant date is introduced for the traditional

option and the premium option. Since the relevant volatility for indexed options is

lower than the volatility of the underlying stock itself, for comparison purposes, the

cap of the indexed option is set equal to the cap of the traditional option in terms of

distance to stock price at grant date, measured by standard deviations. As a result,

in the case of the indexed option, the maximum outperformance of the stock was

set as 0.72 times the stock price.

Using our base case parameters, a time to maturity of eight years and a vesting

period of two years, we observe that caps have only a small effect on the parameter

robustness of the stock option plans, which is surprising at first sight. To this end,

Figure 2 shows the vegas for the case with caps. Compared to the vegas for the

case without caps, as shown in Figure 1, we see very little difference. If we take for

example a volatility of 25%, the vega of the traditional option with cap equals 314,

instead of 341 without a cap.

[ Insert Figure 2 about here ]

The reason for the rather weak impact of caps on robustness lies in the American

feature of the stock option plans. If stock prices rise, the cap will trigger early

exercise and the short position in the call can never be in the money. Therefore,

the shorted call position will never develop its full potential to improve the overall

robustness of the plan, compared to European options. As an example, using our

base case parameters, compare an at-the-money European option without a cap

with the same option plus an additional cap at two times the current stock price

at grant date. Such a cap reduces the option’s value from 26.06 to 21.81, or by
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approximately 18%. In comparison, the otherwise identical American option suffers

a price decrease of only 3%.

As the examples show, the opportunity of early exercise can make caps ineffective

to improve robustness. Therefore, we should consider the relation between caps

and another feature of stock option plans, the length of the vesting period. As an

illustration, let us consider the traditional option. For our base case parameters

and a cap that equals two times the stock price at grant date, a vesting period

of two years, four years, six years, and eight years is considered. Vega decreases

from 314 to 178 if we lengthen the vesting period from two years to four years and

reaches a level of 103 for a vesting period of six years. If we lengthen the vesting

period to eight years, which means that the option is a European one, the option

is almost vega-neutral (vega equals 13). In conclusion, this example shows that

the robustness effects of the two design elements caps and vesting period cannot

be judged in isolation. Moreover, it shows that caps have the potential to improve

robustness considerably, if the vesting period is long enough.

3.4 Example Plans Revisited

After the analysis of the different basic plan structures and some additional design

features, let us finally go back to our existing stock option plans in Table 3. We

have now gained a better understanding of the factors that drive the robustness

of these plans. These factors can be summarized as follows: (i) Exchange options

have no interest rate sensitivity, which explains the high robustness with respect to

interest rates of the plans by Deutsche Boerse and BASF. (ii) The dividend pro-

tection of Right B of the plan by BASF makes this plan less sensitive to dividend

yield changes. (iii) For the medium volatility level considered, options with ab-

solute exercise condition have a higher robustness with respect to volatility than

premium options and exchange options. Therefore, the plans by Allianz (option

with absolute exercise condition) and BASF (partly option with absolute exercise

condition) are more robust than the plans by Linde (premium option) and Deutsche

Boerse (exchange option). (iv) The caps included in the plans by Allianz and BASF

can only to a small part explain the relatively high robustness of theses plans. (v)

The joint-exercise feature of the plan by BASF can’t explain robustness.
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4 Robust Plans: An Engineering Approach

4.1 Construction of Robust Plans

In this section we tackle the problem of how different design elements of stock option

plans can be combined to improve robustness. As the literature and our results in the

previous section have shown, stock option plans are rather non-robust with respect

to volatility, dividend yield, and risk-free interest rate.

The granting of American or Bermudan options that allow for early exercise after

the end of the vesting period is related to different robustness issues. If the exercise

strategies of corporate executives are unknown, the effective time to maturity of the

options, which has a strong impact on their value, becomes also unknown. Moreover,

as we have seen in the previous section, early exercise reduces the potential of caps

to improve robustness with respect to volatility. The vesting period is the design

element of stock option plans which is most directly connected with the options’

effective time to maturity and can be used to resolve the related problems. In the

extreme, early exercise can be completely eliminated by equating the end of the

vesting period with the expiration date of the option, i.e., by granting European

options.

However, we have to acknowledge that there are some potential problems with the

granting of European options. A possible objection might be that European options

may give rise to particular incentive problems because the executive would concen-

trate on the firm’s success at a single point in time. We believe, however, that these

problems are not so special to European options and can be mitigated. Firstly, even

with an American option, an executive might also concentrate her efforts on a single

point in time, which is, however, unknown to others. Moreover, it might not be

in the shareholders’ interest that the executive just exploits a lucky situation when

stock prices are temporarily overvalued. Secondly, one could easily avoid the focus

on a single time horizon by granting a portfolio of options with different times to

maturity. The current practice of many firms to grant new executive stock options

on a regular basis is effectively nothing else than giving employees a portfolio of

options with different maturities.

Another issue are the practical problems that arise if an executive leaves the firm

before the options can be exercised. Such problems already exist for American

options if the leave happens within the vesting period. In this case, the options forfeit

worthless. Although the granting of European options doesn’t create a completely
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new problem, one has to admit that the problem is aggravated. When thinking about

practical problems that arise from granting European options, one should also bear

in mind that European options have already been granted. The stock option plans

of the major German telecommunications firm, Deutsche Telecom AG and Metro

AG, Germany’s largest wholesaler, are examples of such practices. Moreover, at

least in Germany, legislation has moved towards European options by requiring a

minimum vesting period of four years since July 2009.19 Under previous law, the

minimum vesting period was only two years.

The use of European options has clear advantages in terms of numerical tractabil-

ity. The traditional option, the premium option, the option with an absolute per-

formance target and the indexed option have straightforward analytical solutions

under standard assumptions, if they are of European style. Even relative perfor-

mance vested options can be valued analytically, along the lines of Heynen and Kat

(1994). Moreover, Johnson and Tian (2000a) and Câmara (2001) have derived an-

alytical valuation formulas for other non-standard options. In addition, caps can

also be handled analytically without any further problems. The availability and ap-

plicability of analytical valuation formulas give rise to important benefits, especially

with regard to accounting valuation. The accuracy of the resulting values is much

easier to verify, communicate and audit, if analytical formulas are used. Therefore,

the transparency of the valuation process is clearly improved.

The use of European options has also consequences for the robustness issue with

respect to the choice of a risk-free interest rate. If the exercise strategy and thus

the effective life time of the option is unknown, it is unclear which maturity should

be chosen to select the interest rate. This problem can have a serious effect on the

stock option plan’s value if the term structure of interest rates is steep. However,

when European options are granted and the lifetime of the option is known, then the

choice of the interest rate is far less problematic, making robustness less important.

A second important input parameter of option pricing models is the dividend yield.

Although most executive stock option plans are not protected against dividend ef-

fects,20 we see no good reason for this practice.21 On the contrary, one could argue

19See the “ Gesetz zur Angemessenheit der Vorstandsvergütung (VorstAG) ” of July 2009.
20Plans also exist that are dividend protected. An example is given by Right B of BASF AG’s

stock option plan.
21Historically, a reason has been that dividend protected plans were usually classified as variable

plans for accounting purposes in the US, whereas traditional options without dividend protection

were classified as fixed plans. Under the new accounting rules, however, this advantage of plans

without dividend protection no longer exists.
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that dividends are part of shareholder wealth which is created and management

should not be penalized for providing them. Moreover, a missing dividend protec-

tion of executive stock option plans should not influence a firm’s payout policy.22

Technically, dividend protection is not difficult to achieve: One either adjusts the

strike price at any time a dividend is paid, or one uses a performance index as the

underlying of the plan that captures all the benefits for shareholders.23

The final remaining problem with respect to parameter robustness is volatility. The

main design element that can deal with this problem is the use of caps. In the

analysis to follow, we assume that a fully dividend protected European option is

granted. In order to achieve robustness, we should set the cap (strike price of the

short position in a call) at such a level that makes the whole stock option plan vega

neutral.24 In order to determine the conditions under which this is possible, we have

to take a look at the vega of a European call option, as given in equation (1),25

where S0 denotes the stock price at time zero (grant date), X the strike price, r

the risk-free interest rate per year, σ the stock return volatility, and T the time to

maturity.

V ega = S0

√
TN ′(d1), with (1)

N ′(d1) =
1√
2π

e
−d

2
1

2 , and d1 =
ln(S0/X) + (r + σ2/2)(T )

σ
√

T
.

The vega of a call option depends on the strike price X and can be depicted as a

function of the strike price. Figure 3 shows a corresponding graph, using an option

with five years to maturity26, a stock price of 100, a stock return volatility of 25%,

and an interest rate of 3%.

[ Insert Figure 3 about here ]

22Lambert et al. (1989) and Fenn and Liang (2001) provide empirical evidence that the provision

of stock option plans which are not protected for dividends affects corporate payout policy.
23Compare Arnold and Gillenkirch (2005) for a discussion and analysis of different forms of

dividend protection.
24Although complete robustness calls for a vega of zero, a positive vega could be beneficial in

certain situations to mitigate underinvestment in risky projects. See e.g. Smith and Stulz (1985),

Hemmer et al. (1999), Feltham and Wu (2001), and Brisley (2006).
25See e.g. Hull (2009), p. 373f.
26A period of five years to maturity is chosen instead of eight years, which we have used previously

as our base case, as five years is a reasonable value for the expected lifetime of an American option

with eight years to maturity. Thus, essentially, we aim to leave our base case parameters unchanged.
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Figure 3 suggests how to construct vega-neutral stock option plans. Vega, as a

function of the strike price, is at first increasing and then decreasing. This result

explains our previous finding that a premium option has a higher sensitivity with

respect to volatility changes than a traditional option. Moreover, it is easy to show

that the vega function has a unique maximum at S0e
T
�
r+σ

2

2

�
. To obtain a vega-

neutral plan, we first choose a strike price X for the long call position that lies to

the left of the maximum. In Figure 3, for example, X was chosen to be the current

stock price of 100. Next we determine the vega of the long call position and find the

strike price Y to the right of the maximum that leads to the same vega. If this strike

price is found, we set the cap accordingly, since the vegas of the long call and the

cap (a short call) will offset each other. Figure 3 shows graphically how to find the

cap. Analytically, for X < S0e
T
�
r+σ

2

2

�
the strike price Y of the short call position

is given by

Y =
S2

0

X
e(2r+σ2)T . (2)

This analysis shows under which circumstances we will be able to construct a vega-

neutral, non-degenerate plan by means of caps. Firstly, if we set the strike price

X equal to the current stock price, i.e., if we consider a traditional option, we will

always be able to find a cap to the right of S0e
T
�
r+σ

2

2

�
that makes the plan vega

neutral. Secondly, with premium options we are more limited. If we choose the

risk-free interest rate as a hurdle rate to determine the strike price, once more, we

will always be able to find an appropriate cap, although it might already be quite

close to the strike price. If we choose a hurdle rate that lies well above the risk-free

rate, we could end up with a value of X > S0e
T
�
r+σ

2

2

�
and therefore would not be

able to construct a completely vega-neutral plan through a short call with Y > X.

This means that it might be impossible to obtain a fully robust plan if we require

the full risk-adjusted cost of capital as the benchmark that determines the strike

price.

Finally, we can also apply our analysis to indexed options. Since the valuation

formula for these is structurally identical to the Black-Scholes formula, we simply

have to reinterpret some parameters. Thus, for exchange options, X would repre-

sent the index level at time zero and σ2 would equal the sum of the stock return

variance and the index return variance minus two times the covariance. Therefore,

the relevant variance measure for indexed options would be smaller than the stock

return variance if the index return variance is smaller than two times the covariance

between stock returns and index returns, which would almost always be true. Since
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robustness with respect to volatility changes improves with the level of volatility,

this smaller volatility explains the relatively low robustness of indexed options in

comparison with traditional options that we have seen in Section 2 and Section 3

for medium and high stock volatility levels. Another issue of indexed options is

that the interest rate does not enter into the valuation and has to be set to zero

in all of the above formulas. Given the correct interpretation and specification of

the parameters, we can conclude from our analysis that for at-the-money indexed

options (X = S0) we can always find a cap that makes the whole stock option plan

vega neutral.

4.2 Properties of Robust Plans

To get a better understanding of the specific properties of robust plans, let us first

look at the cap with strike price Y , as shown in equation (2). As we can see, a

comparative static increase in either r, σ, or T leads to an increase of Y , i.e., the

payoff of a robust stock option plan is capped at a higher level. Such a feature is

both reasonable and desirable. Take for example the time to maturity, T . We would

naturally think that a plan with a longer time to maturity should have a higher cap

than an otherwise identical plan with a shorter time to maturity, since managers

should deliver a better total performance if they were given more time. Similar

arguments can also be applied to the risk-free interest rate and the volatility.

Finally, it is important to consider whether robustness harms the incentive effects

of stock option plans and the extent to which this will actually happen. To obtain

some evidence on this issue, we look at the stock price sensitivity of two robust

plan structures with either absolute or relative performance target. The first plan

structure is a premium option with a strike price equal to the compounded current

stock price, where the compounding is done with the risk-free rate over the life of

the option. The second plan structure is an at-the-money indexed option. Using

cap values according to equation (2), Appendix C derives the initial deltas (at grant

date) of the plans, which can be interpreted as elasticities of the stock option’s value

with respect to the stock price. These deltas take the following form:

Delta =
2N(1

2
σ
√

T ) − 1

3N(1
2
σ
√

T ) − 2 + eσ2T N(−3
2
σ
√

T )
. (3)

For the premium option, σ2 simply denotes the stock return variance. For the

indexed option, σ2 has to be interpreted as the stock return variance plus the index
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return variance minus two times the covariance.

[ Insert Figure 4 about here ]

Equation (3) shows that delta depends only on one parameter, the product σ
√

T .

This finding allows us to plot delta as a function of σ and T , as shown in Figure 4.

According to the figure, delta declines with increasing volatility and increasing time

to maturity. In the limit, if either σ or T goes to infinity, delta approaches a value of

one, which equals the delta of the stock itself. If either σ or T goes to zero, delta goes

to infinity.27 Note that such a limiting behavior is not a specific feature of robust

stock option plans, because the same results hold for premium options or indexed

options without caps. We can draw two main conclusions from equation (3) and

Figure 4: Firstly, whatever the parameter values are, the initial incentive effect of a

robust stock option plan will always be stronger than the incentive effect of a share

of stock with the same value. This finding highlights a trade-off between robustness

and incentive effects. An all-stock plan would be perfectly robust, as its value could

be calculated from current market prices only. However, as our analysis shows, the

incentive effect would be lower. Secondly, if we compare robust premium options

with robust indexed options, indexed options always provide a stronger incentive

effect if the index return variance is smaller than two times the covariance between

stock returns and index returns. This latter condition should almost always be

fulfilled in practice.

Similarly, we can also derive analytical expressions for the deltas of the plans at

some later point in time t. Besides t and the maturity T , the delta of the indexed

option depends only on the realized stock return normalized to the index level at

grant date and on the corresponding volatility. Of course, an extreme change in

the stock price significantly affects the plan’s delta. However, when focussing, for

example on a move of one standard deviation or below, the resulting deltas are still

fairly high. Overall, our findings show that the cap has not destroyed the incentive

effects of the options. We still have a delta which is well above one for reasonable

scenarios.

5 Conclusions

In this paper we have addressed the issue of robustness of stock option plans, which

is essential for reliable accounting valuations. We have shown that parameter ro-

27See Appendix C for a proof of the limiting behavior of delta.
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bustness can be very low for a variety of basic plan structures and that none of these

plan structures dominates all of the others in terms of their robustness properties.

Furthermore, additional exercise conditions, either absolute or relative, have only

a small impact on a plan’s robustness. The same applies for the joint exercise of

sub-plans in comparison with a separate exercise. The interplay between caps and

the length of the vesting period, however, can have strong effects.

Based on our results, we have investigated and shown how to improve robustness by

combining certain design elements of stock option plans. An important decision is to

lengthen the vesting period and to grant European options instead of American or

Bermudan options. As a result, the effective lifetime of the option becomes known,

which avoids all complications arising from an unknown exercise behavior of the

option holders. The use of European options also improves numerical tractability

since usually analytical pricing formulas are available for European style options.

Moreover, if the effective lifetime of the option is known, one can use the appropriate

interest rate for this period and as a consequence, parameter robustness with respect

to interest rates becomes much less important.

Two other important input parameters are the dividend yield and the volatility. As

far as the dividend sensitivity is concerned, this can be avoided through dividend

protection. Although non-robustness with respect to volatility is relatively more

difficult to handle, we have shown that the use of caps can often lead to vega-

neutral plans and we have provided solutions for the corresponding strike prices.

In conclusion, we believe that almost all of the major issues associated with non-

robustness can be resolved by using a proper plan design. Thus, with an appropriate

plan design, we can be optimistic about the reliable accounting valuation of stock

option plans.

Of course, robustness cannot be the only criterion that a stock option plan should

fulfill. There are at least two other essential criteria: incentives to create share-

holder value and transparency. Both of these criteria are strongly interrelated with

robustness. With respect to the incentive effects of robust stock option plans, we

observe that their stock price sensitivity is still very reasonable and at least as high

as for an all-stock compensation plan. We have to stress, however, that there can

be a trade-off between robustness and incentive effects and that we do not make

any attempt in this paper to suggest a plan that leads to a trade-off that is optimal

in any sense. In practice, incentive effects of stock option plans can depend on, for

example, the competitiveness of the industry, the degree of agency problems, or the

extent of operational and financial leverages. Therefore, optimal plan designs might
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be different for different firms and might also be quite non-robust.

The types of robust plans that we have constructed in this paper are also particularly

transparent ones, that consist of a few basic building blocks. It is this kind of trans-

parency that allows us to achieve robustness, since otherwise we would not be able

to solve analytically for a vega-neutral plan design. Our building block approach

also has advantages with respect to particular requirements for good corporate gov-

ernance. It is quite easy to include both absolute and relative performance targets in

one plan, while maintaining a plan’s robustness and transparency. For example, one

could grant one sub-plan with a premium option and one sub-plan with an indexed

option. Both sub-plans could be designed separately as robust plans.

Finally, we believe that robustness of stock option plans is in itself an element of good

corporate governance, as it could make it much harder for managers to understate

the values of their compensation packages. It would be an interesting avenue for

further research to devise empirical tests of this hypothesis. In this respect, one

could analyze, for example, how robustness of compensation packages is related to

certain indicators of good corporate governance. Another interesting empirical issue

is whether there is a trend in actual compensation packages to be more robust,

which could indicate an enforcement of robust plan designs by market discipline.

An analysis of robustness properties, as presented in this paper, could provide the

basis for this future work.
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Appendix A

All valuations done in Sections 2 and 3 of this paper use the same three-dimensional

additive tree model with equal up and down factors. Although simpler models

exist for some options that we consider, the use of a common framework has the

advantage that no price differences can result from different convergence properties

and approximation errors of different models.

The concrete model choice was made for three reasons.28 Firstly, we need a three-

dimensional tree to price options with relative performance targets, since their prices

depend on two underlyings: the stock price and the value of the reference index.

Secondly, the use of an additive tree with equal up and down factors simplifies the

valuation of barrier options, like the relative performance vested option. Finally,

additive trees (for log prices) have better convergence and approximation properties

than comparable multiplicative trees (for prices).

The model is constructed as follows. Assume that the log share price lnS and the

log index level lnP follow two correlated generalized Wiener processes under the risk

neutral measure, as given in equations (4) and (5), where r is the risk-free interest

rate, qS and qP denote the dividend yields, σS and σP the volatilities, and ρSP the

correlation between instantaneous changes in the Wiener processes zS and zP .

dlnS = (r − qS − σ2
S/2)dt + σSdzS, (4)

dlnP = (r − qP − σ2
P /2)dt + σP dzP . (5)

The above processes are approximated by a tree model as follows: We use the up

factors hS = σS

√
∆t and hP = σP

√
∆t, respectively, where ∆t is the step length.

Down factors are just equal to up factors but with opposite signs. These up and

down factors are finally combined with risk neutral probabilities for all possible

combinations of up and down moves, which are given in equations (6) below.

puu = (hShP + hP vS∆t + hSvP ∆t + ρSP σSσP ∆t)/(4hShP ), (6)

pud = (hShP + hP vS∆t − hSvP ∆t − ρSP σSσP ∆t)/(4hShP ),

pdu = (hShP − hP vS∆t + hSvP ∆t − ρSP σSσP ∆t)/(4hShP ),

pdd = (hShP − hP vS∆t − hSvP ∆t + ρSP σSσP ∆t)/(4hShP ),

where vS and vP denote the risk neutral drift rates of lnS and lnP .

The above tree specification needs a slight modification to simplify the valuation

of relative performance vested options, which are barrier options with stochastic

28See also Clewlow and Strickland (2004), p. 44-46.
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outside barrier. In fact, the stochastic outside barrier can be transformed into a

fixed outside barrier if we consider the process lnI = lnS − lnP . Since lnI provides

the outperformance of the stock, a certain level of outperformance can be expressed

as a fixed barrier of the lnI process.

The corresponding stochastic differential equation becomes

dlnI = (−qS + qP − σ2
S/2 + σ2

P /2)dt +
√

σ2
S + σ2

P − 2σSσP ρSP dzI , (7)

where zI is a standard Wiener process whose changes have an instantaneous corre-

lation equal to ρSI = (σS − σP ρSP )/
√

σ2
S + σ2

P − 2σSσP ρSP with changes of zS.

When we use the processes from equations (4) and (7) to construct a three-

dimensional tree in the same manner as described above, all kinds of options that

we consider can be easily valued by means of recursive algorithms.29

Appendix B

This appendix provides some additional information about the similarity of the

traditional option, the relative performance vested option, and the absolute perfor-

mance vested option with respect to their robustness properties. For a broad range

of parameter values, we find that the traditional option and the relative performance

vested option have almost identical prices, which is due to the fact that the vesting

condition of the relative performance vested option is almost always fulfilled. Of

course, this feature translates directly into almost identical robustness properties

of the two options. When comparing the traditional option with the absolute per-

formance vested option for different parameter combinations, prices can be quite

different, however, sensitivities are again very similar. As an example, Table 2 be-

low provides the relative differences in the sensitivity measures “ vega ”, “ dividend

yield sensitivity ”, and “ rho ” for some set of parameter combinations.

[ Insert Table 4 about here ]

[ Insert Table 5 about here ]

29For such algorithms in the case of barrier options see e.g. Clewlow and Strickland (2004).
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Appendix C

Let us first consider the premium option with strike price X = S0 erT . Substituting

this strike price into equation (2), we obtain the following expression for the strike

price Y of the short call: Y = S0 e(r+σ2)T . The delta of a portfolio of one call option

long with strike price X and one call option short with strike price Y equals:

N(dx
1) − N(dy

1), with (8)

dx
1 =

ln(S0/X) + (r + σ2/2)T

σ
√

T
=

ln(e−rT ) + (r + σ2/2)T

σ
√

T
=

1

2
σ
√

T , and

dy
1 =

ln(S0/Y ) + (r + σ2/2)T

σ
√

T
=

ln(e−(r+σ2)T ) + (r + σ2/2)T

σ
√

T
= −1

2
σ
√

T .

Since N(−σ
√

T/2) = 1 − N(σ
√

T/2), we obtain

N(dx
1) − N(dy

1) = 2N(σ
√

T/2) − 1. (9)

Next consider the value of the portfolio of the two options:

Cx − Cy = (S0 N(dx
1) − X e−rT N(dx

2)) − (S0 N(dy
1) − Y e−rT N(dy

2)), with (10)

dx
2 = dx

1 − σ
√

T = −1

2
σ
√

T , and

dy
2 = dy

1 − σ
√

T = −3

2
σ
√

T .

Using the appropriate values for N(dx
1) − N(dy

1), X, Y , dx
2 , and dy

2, the portfolio

value in equation (10) becomes:

S0(2N(σ
√

T/2)−1)−S0(N(dx
2)−eσ2T N(dy

2)) = S0(3N(σ
√

T/2)−2+eσ2T N(−3σ
√

T/2)).

(11)

In the next step, we have to adjust the number of options in order to obtain a stan-

dardized portfolio value equal to the share price in order to facilitate comparisons

with a compensation package that consists of one share of stock. To achieve this,

we have to divide S0 by the expression from equation (11), which delivers the re-

quired number of capped call options in the (standardized) portfolio. Finally, if this
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number is multiplied by the delta of a single capped call as given in equation (9),

we obtain the following standardized delta that we require:

Delta =
2N(1

2
σ
√

T ) − 1

3N(1
2
σ
√

T ) − 2 + eσ2T N(−3
2
σ
√

T )
. (12)

A completely analogous derivation is possible for the indexed option. The only

differences are the use of an at-the-money option, i.e., a (normalized) index level

that equals the current share price, and the use of the appropriate valuation formula

for exchange options. These two modifications exactly offset each other such that

the resulting formula is identical to equation (12). However, the variance σ2 does

no longer refer to the stock return variance, but to the stock return variance plus

the index return variance minus two times the covariance.

Next consider the limiting behavior of delta when either
√

T or σ go to infinity.

Then the numerator of delta in equation (12) goes to one. Also the first part of the

denominator (3N(1
2
σ
√

T )− 2) goes to one. Thus, what remains to determine is the

limit of the second part of the denominator, which can be written as

N(−3
2
σ
√

T )

e−σ2T
. (13)

Using de l’Hospital’s rule, the above ratio has the same limit as the following ratio:

−3
2
N ′(−3

2
σ
√

T )

−2σ
√

T e−σ2T
=

−3
2

1√
2π

e−
9

4
σ2T

−2σ
√

T e−σ2T
=

3

4
√

2πσ
√

T
e−

5

4
σ2T . (14)

As the last expression in equation (14) shows, the ratio goes to zero if either σ or√
T go to infinity. This result implies that delta goes to one.

Finally, consider the limit of delta for either σ or
√

T going to zero. Since both the

numerator and the denominator in equation (12) go to zero, we have to apply de

l’Hospital’s rule again. Taking derivatives in the numerator and denominator, we

obtain
N ′(1

2
σ
√

T )
3
2
N ′(1

2
σ
√

T ) − 3
2
N ′(−3

2
σ
√

T )eσ2T + 2σ
√

Teσ2T N(−3
2
σ
√

T )
. (15)

For either σ → 0 or
√

T → 0 the numerator of the ratio (15) approaches 1/
√

2π and

the denominator approaches zero. Therefore, the limit of delta is infinity.
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Table 1: Historical parameter estimates for four existing stock option plans.

Linde Deutsche Allianz BASF
Parameter Boerse

stock index stock index stock index stock index
Return Volatility 24% — 34% 24% 41% 18% 26% 18%
Return Correlation — 0.50 0.75 0.80
Dividend Yield 2.3% — 1.8% 1.7% 2.5% 2.8% 3.5% —
Interest Rate 3.1% — 3.1% 3.3%

This table shows historical parameter estimates for the example stock option plans. Return volatili-

ties and return correlations are estimated from monthly data over the estimation periods. Dividend

yields refer to average yearly yields. The estimation periods are January 2003 to December 2009

(Linde, Allianz), January 2002 to December 2009 (BASF), and January 2005 to December 2009

(Deutsche Boerse). Interest rates refer to the term structure of German government bonds at the

end of 2009. For Linde and Allianz, we use the interest rate for a maturity of seven years. For

BASF, the interest rate for a maturity of eight years is used.

31



Table 2: Robustness and incentive effects of four existing stock option plans
for historical parameter estimates.

Plan Robustness to changes in Incentive effect
volatility dividend yield interest rate

Linde 511 -1505 998 2.62
Deutsche Boerse 233 -956 0 2.40
Allianz 157 -699 305 1.59
BASF 241 -445 202 2.60

This table shows the slopes of the plans’ value functions with respect to volatility, dividend yield,

interest rate, and stock price, respectively. Plan values are standardized at e100 for the historical

parameter estimates of Table 1. The slope values have the following interpretation: If, for example,

the return volatility of the Linde stock increases from 24% to 25%, the option’s price goes up from

100 to 105.11. Similarly, an increase of the dividend yield from 2.3% to 3.3% leads to a price

decline from 100 to 84.95. An increase in interest rates from 3.1% to 4.1% corresponds to a price

increase from 100 to 109.98. Finally, a number of 2.62 for the incentive effect means that a one

percent increase in the stock price would lead to a price increase of the plan from 100 to 102.62.

32



Table 3: Robustness and incentive effects of four existing stock option plans and an
at-the-money call option for a common base case parameter set.

Plan Robustness to changes in Incentive effect
volatility dividend yield interest rate

At-the-money Call 341 -1366 823 2.33
Linde 480 -1513 984 2.53
Deutsche Boerse 445 -1481 0 3.70
Allianz 344 -1283 764 2.21
BASF 311 -437 217 2.64

This table shows the slopes of the plans’ value functions with respect to volatility, dividend yield,

interest rate, and stock price, respectively. Plan values are standardized at e100 for the base case

scenario, characterized by a stock return volatility of 25 % p.a., an index volatility of 15 %, a

correlation of 0.7 between stock and index returns, a dividend yield of 2 % p.a. for the stock, a

dividend yield of 2 % p.a. for the reference index, and a risk-free rate of 3 % p.a. The slope values

have the following interpretation: If the return volatility increases from 25% to 26%, the price of

the at-the-money call option, for example, goes up from 100 to 103.41. Similarly, an increase of the

dividend yield from 2% to 3% leads to a price decline from 100 to 86.34. An increase in interest

rates from 3% to 4% corresponds to a price increase from 100 to 108.23. Finally, a number of 2.33

for the incentive effect means that a one percent increase in the stock price would lead to a price

increase of the plan from 100 to 102.33.
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Table 4: Differences in robustness between the absolute performance vested option
and the traditional option.

vega

int. rate = 2% int. rate = 3% int. rate = 4%
vol. \ div. 1% 2% 3% 1% 2% 3% 1% 2% 3%

15% 0.2% 0.2% -0.1% -1.8% 1.2% 0.2% -5.5% -1.2% 1.0%
25% 0.3% 0.2% 0.0% 0.0% 0.4% 0.2% -0.4% 0.3% 0.4%
40% 0.2% 0.2% 0.1% 0.2% 0.2% 0.2% 0.2% 0.3% 0.2%

dividend yield sensitivity

int. rate = 2% int. rate = 3% int. rate = 4%
vol. \ div. 1% 2% 3% 1% 2% 3% 1% 2% 3%

15% -0.8% -4.3% -2.9% 2.2% -5.8% -3.5% 3.5% 1.4% -5.0%
25% -1.4% -1.9% -1.5% 0.4% -2.5% -1.6% 0.8% -0.9% -2.0%
40% -0.8% -0.8% -0.7% -0.3% -0.9% -0.7% 0.0% -0.7% -0.8%

rho

int. rate = 2% int. rate = 3% int. rate = 4%
vol. \ div. 1% 2% 3% 1% 2% 3% 1% 2% 3%

15% 1.3% -1.8% -1.0% 4.4% -2.7% -1.1% 6.0% 3.7% -2.6%
25% -0.1% -0.7% -0.4% 1.5% -1.2% -0.5% 1.9% 0.5% -0.9%
40% -0.1% -0.1% 0.0% 0.4% -0.3% 0.0% 0.7% 0.0% -0.1%

This table shows the percentage differences between the sensitivity measures (“ vega ”, “ dividend yield

sensitivity ”, and “ rho ”) of the absolute performance vested option and the traditional option for different

combinations of volatility, dividend yield, and risk-free interest rate ([absolute performance vested -

traditional]/absolute performance vested). The absolute performance vested option has a strike price

that is 30% above the stock price and both options have a time to maturity of eight years and a vesting

period of two years.
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Table 5: Differences in robustness between two sub-plans that must be exercised
jointly and two sub-plans that can be exercised separately.

vega

int. rate = 2% int. rate = 3% int. rate = 4%
vol. \ div. 1% 2% 3% 1% 2% 3% 1% 2% 3%

15% -0.4% 2.7% 4.9% -0.1% 2.0% 4.6% -0.1% 3.3% 5.0%
25% 0.1% 1.4% 3.1% 0.0% 1.1% 2.8% -0.1% 1.3% 2.6%
40% 0.1% 0.5% 1.0% 0.0% 0.4% 0.9% 0.1% 0.4% 0.8%

dividend yield sensitivity

int. rate = 2% int. rate = 3% int. rate = 4%
vol. \ div. 1% 2% 3% 1% 2% 3% 1% 2% 3%

15% 1.9% 7.5% 9.4% 2.0% 6.7% 9.2% 2.6% 6.1% 7.7%
25% 1.5% 3.9% 4.6% 1.5% 3.5% 4.5% 2.1% 2.6% 4.0%
40% 0.9% 1.5% 1.6% 0.9% 1.5% 1.7% 0.9% 1.3% 1.7%

rho

int. rate = 2% int. rate = 3% int. rate = 4%
vol. \ div. 1% 2% 3% 1% 2% 3% 1% 2% 3%

15% 1.8% 8.2% 8.3% 0.1% 1.7% 7.0% 0.0% -2.3% 2.5%
25% 3.6% 5.0% 5.5% 0.3% 2.3% 4.5% -0.3% -1.0% 2.8%
40% 2.6% 2.6% 2.3% 0.6% 1.9% 2.2% -0.6% 0.8% 1.9%

This table shows the percentage differences between the sensitivity measures (“ vega ”, “ dividend

yield sensitivity ”, and “ rho ”) of two sub-plans that must be exercised jointly and two sub-plans

that can be exercised separately for different combinations of the stock’s return volatility, the stock’s

dividend yield, and the risk-free interest rate ([joint exercise - separate exercise]/joint exercise). The

two sub-plans are a traditional option and an indexed option. The reference index has a volatility

of 15 % and a dividend yield of 2 % p.a.; the correlation between stock returns and index returns

equals 0.7. Both options have a time to maturity of eight years and a vesting period of two years.
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Figure 1: Slopes of the plans’ value functions with respect to volatility, dividend
yield, and interest rate.

2,000.0

2,500.0

Slope of value function

(vega)

0.0

500.0

1,000.0

1,500.0

0.0

0.11 0.15 0.19 0.23 0.27 0.31 0.35 0.39
Volatility

0 0

Slope of value function

(dividend yield sensitivity)

-1,500.0

-1,000.0

-500.0

0.0

-2,500.0

-2,000.0

0.01 0.02 0.03 0.04
Dividend yield

Slope of value function

2,000.0

2,500.0

Slope of value function

(rho)

0 0

500.0

1,000.0

1,500.0

0.0

0.02 0.03 0.04 0.05Interest rate

Traditional option Option with absolute exercise condition
Premium option Indexed option
Relative performance vested option

This figure shows the slopes of the plan’s value functions with respect to volatility, dividend yield,

and interest rate for different levels of volatility, dividend yield, and interest rate. Plan values are

standardized at e100. The additional parameter values are a stock return volatility of 25 % p.a.,

a dividend yield of 2 % p.a. for the stock, a dividend yield of 2 % p.a. for the reference index, an

index volatility of 15 % p.a., a risk-free rate of 3 % p.a., and a correlation between stock and index

returns of 0.7. The time to expiration equals eight years and the vesting period equals two years.

36



Figure 2: Influence of caps on the vegas of different plan structures.
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This figure shows the slopes of the plans’ value functions with respect to volatility for the case

with additional caps. Plan values are standardized at e 100. For the traditional option and the

premium option, the cap equals two times the current stock price. For the indexed option, the

maximum outperformance of the stock equals .72 times the current stock price. Further parameter

values are a dividend yield of 2 % p.a. for the stock, a dividend yield of 2 % p.a. for the reference

index, an index volatility of 15 % p.a., a risk-free rate of 3 % p.a., and a correlation between stock

and index returns of 0.7. The time to expiration equals eight years and the vesting period equals

two years.
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Figure 3: Vega as a function of the strike price.
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This figure shows the theoretical vega of a single European call option as a function of the strike

price. The calculations are based on the theoretical vega, as shown in equation (1), which results

from the Black and Scholes model. The parameters used for the graph are a current stock price of

e 100, a volatility of 25 % p.a., a risk-free rate of 3 % p.a., and a time to maturity of five years.
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Figure 4: Influence of volatility and time to maturity on the initial delta of a
robust premium option (robust indexed option).
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This figure shows the theoretical initial delta of a robust premium option (robust indexed option) as

a function of the volatility and the time to maturity. The calculations are based on the theoretical

initial delta, as shown in equation (3), which is derived in Appendix C. Note that the initial delta

depends exclusively on the parameters volatility and time to maturity.
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